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It was shown recently by B. de Pagter ([3]) that a positive compact (ideal) 
irreducible operator Ton a Banach lattice (of dimension greater than one) has 
spectral radius r(T) > 0, thereby answering positively an old conjecture of H.H. 
Schaefer (See [7], section V.6). Another large class of non-quasi-nilpotent 
operators is the class of band irreducible kernel operators on Dedekind 
complete Banach lattices. (see e.g. [S]). This fact is expressed in the formulation 
of the Ando-Krieger theorem. In [5] we presented a short proof of the Ando- 
Krieger theorem and in [6] we used these ideas together with a new proof of 
a lemma of Schaefer [7] to prove the Ando-Krieger result without using any 
representation theory. This enabled us to complete the program started by A.C. 
Zaanen in the book [S], namely to prove the Perron-Frobenius theorems for 
kernel operators in Banach lattices completely free of representation methods. 
The aim of this note is to demonstrate the interesting fact that the Ando-Krieger 
result can be obtained as an easy consequence of De Pagter’s theorem and that, 
moreover, this method yields yet another representation-free proof of the 
result. Another observation is that De Pagter’s theorems also hold for o-order 
continuous band irreducible operators, thus generalizing a theorem due to 
V. Caselles [2] on Harris operators (See Corollary 9). After submitting our 
original manuscript in which we proved the theorems of De Pagter for order 
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continuous band irreducible operators, we became aware of the fact that H.H. 
Schaefer proved the same theorems for o-order continuous operators, but 
under the additional condition that there exists a non-zero a-order continuous 
linear functional on the space. We would like to thank C.B. Huijsmans and 
A.C. Zaanen for pointing out to us that our method of proof could easily be 
adapted to handle the case of o-order continuous operators and that the addi- 
tional assumption of Schaefer is therefore superfluous. 
Let E be a Banach lattice. A bounded linear operator T on E is called irre- 
ducible (respectively band irreducible) if E contains no non-trivial T-invariant 
closed ideals (respectively bands). If E is Dedekind complete we denote by 
Lb(E) the Riesz space of order bounded linear operators on E and by (E’@ E)dd 
the band generated by the finite rank operators in L’(E). The set of all order 
continuous linear functionals on E is denoted by E&,. If E&Z {0} and if 0 C T 
is order continuous and band irreducible then both E and E&, have weak order 
units which we shall denote by e and e’ respectively. (See e.g. [8] or [5]). 
THEOREM 1. (B. de Pagter [3]). Let E be a Banach lattice, dim E> 1, and let 
T be a positive irreducible compact operator on E. Then r(T) > 0. 
An inspection of De Pagter’s proof shows that this result can be proved 
without using any representation theory if we assume E to be a Dedekind 
complete Banach lattice. If dim E = 1, every operator on E (even the zero 
operator) is irreducible. If, however, we exclude the zero operator from our 
considerations the restriction that dim E> 1 is redundant. 
We begin our discussion with two lemmas, the first of which is related to [8], 
theorem 136.2. The present formulation of the lemma is a consequence of 
remarks made by C.B. Huijsmans, H.H. Schaefer and A.C. Zaanen. 
LEMMA 2. Let E be a Banach lattice and let O< T be a u-order continuous 
band irreducible operator on E. Then every non-zero closed T-invariant ideal 
in E contains a weak order unit of E. 
PROOF. Let I be a non-zero closed T-invariant ideal in E and let 0< u E I. If 
A>r(T), put w=R(il, T)u. Using the Neumann expansion of R(1, T), we see 
that w E I and that Tw I 1 w, w > 0. Hence the principal ideal [w], generated by 
w in E is T-invariant. Let (w} denote the band generated by w in E and let 
O~OE{W). Then u=sup,u,, with u,, = u A nw E [w], so Tu, 7 TV by the o-order 
continuity of T, and moreover To, E [w] since [w] is T-invariant. Hence, 
Tu E {w}. This shows that {w} is T-invariant and so, since Tis band irreducible, 
we have {w} = E. The element w is therefore a weak order unit of E contained 
in I. 
LEMMA 3. Let E be a Banach lattice and let O< T be a positive band irre- 
ducible operator on E. Suppose that there exists a o-order continuous compact 
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operator S such that Tr S. Then, if M is the closed ideal generated by nE] in 
E, the operator T restricted to A4 is irreducible. 
PROOF. Denote by T,,, the restriction of T to M and let I be a closed non-zero 
TMinvariant ideal in M. Then Z is a T-invariant closed ideal in E and since T 
is band irreducible and o-order continuous, Z contains a weak order unit w of 
E by the preceding lemma. Let 0 <XE E. Then x, TX, with x, =xAnw E I. 
Hence, Sx,tSx and S being compact, it follows that Sx,+Sx in norm. But 
01T(x-x,JsS(x-x~) and so Tx,,+Tx in norm. Thus, TxeZ and we have 
shown nE] to be contained in I. By definition of M, we get Z= M and our proof 
is complete. 
THEOREM 4. (Ando-Krieger). Let E be a Dedekind complete Banach lattice. 
Zf T> 0 is band irreducible and if T E (E&o E)dd, then r(T) > 0. 
PROOF. In [5] we showed that if E is Dedekind complete and if O< TE 
E (E,&,@E)dd is band irreducible, then S: = (e’@e)A T is also band irreducible. 
We may therefore assume, in order to prove that T has positive spectral radius, 
that 0 < TI e’@e. This assumption implies, using a theorem of Aliprantis and 
Burkinshaw [l] (See also [8], theorem 124.5), that T3 is a compact operator on 
E. Let M be the closed ideal generated in E by flE], and denote the restriction 
of T to M by TM. Then r(TM) 5 r(T), T& is compact and by lemma 3 
T,:M+M is irreducible. Take ,l >r(T,). Then, denoting the resolvent 
operator as usual by Z?(IZ, TM), we see that [R(I, TM)TM13 = [R(1, TM)13T& is a 
compact and irreducible operator on M. In fact, it maps every non-zero positive 
element of M onto a quasi interior point of M. By De Pagter’s theorem it has 
strictly positive spectral radius; hence also r( TM) > 0 by the spectral mapping 
theorem. This completes the proof. 
THEOREM 5. Let E be a Banach lattice and let 0 < T be a positive a-order 
continuous operator on E which is band irreducible and compact. Then 
r(T)>O. 
PROOF. As in the preceding proof, we denote by M the closed ideal generated 
in E by qE], and by TM the restriction of T to A4. By lemma 3 TM: ii4+M is 
irreducible, and the result follows from theorem 1. 
By the same method of proof, we can derive the analogue of proposition 4 
of De Pagter. Let us first take note of the following fact. 
LEMMA 6. Let E be a Banach lattice and let T be a positive u-order con- 
tinuous operator on E. Zf ;1> r(T), then the resolvent operator R@, T) is also 
a-order continuous. 
PROOF. Let S,, denote for each n EN the partial sum operator in the Neumann 
expansion of S = R@, T). Then, since S,, t and the sequence (S,) converges in 
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operator norm to S, we have S,, TS. Hence, if u,JO and if 0105 Su, for all 
in, it follows from 
0 5 0 I (S - S&t + inf,S,u, = (S - S,)ul 
for every fixed n E N, that u = 0. Hence S is a-order continuous. 
THEOREM 7. Let E be a Banach lattice and let T be a positive a-order con- 
tinuous band irreducible operator in E. Suppose that S and Q are operators 
satisfying 0 < SI Q with Q compact and suppose that SI T” for some natural 
number n. Then r(T)>O. 
PROOF. First consider the case that S is compact. Take A>r(T). As was 
shown in lemma 2, the resolvent R@, T) has the property that R(n, T)u is a 
weak order unit for E whenever u>O, and by lemma 6 R(5 T) is a-order con- 
tinuous. Then A = R(5 T)S is a non-zero positive a-order continuous compact 
operator in E. Let A4 be the closed ideal generated in E by A[E], and denote 
the restriction of A to M by AM. Let N be the null ideal of S in M. Then N 
is an AMinvariant closed ideal in M. Let A0 be the operator induced by AM in 
M/N. Then O<A, is compact, ([4] theorem 2.14) and, since II&]] I ]]A&II for 
all n E N, r(A,) <r(A,). We show that A0 is irreducible on M/N. Denote by j 
the quotient map of M onto M/N and let J be a closed, non-zero A,-invariant 
ideal in M/N. The ideal j - ‘[J] is a closed ideal in M which is easily seen to be 
AMinvariant. Also, since J is non-zero, j - ‘[J] contains an element u such 
that Su > 0. But then w = A,u = Au is a weak order unit for E which belongs 
to j - ‘[ J]. The same argument as used in lemma 3 can be applied to deduce 
that A [E] Cj - ‘[J]. Hence, by definition of M, we have j - ‘[J] = M. This 
shows that J= M/N, and so A,, is irreducible. By theorem 1, r(A,) > 0. Hence, 
Ocr(A,)~r(A~)rr(A). But, because of O<Sr T”, we have O<AsR(L, T)T” 
and so r(R(2, T)T”)>O. The spectral mapping theorem implies that r(T)>O. 
Now consider the case in which 0 c SI Q with Q compact. For 1 as before, 
note that the operator U= [R(Iz, T)S13 has the properties that OC UI 
5 [I?(& T)T”13, and since 0 <R@, T)S<R(l., T)Q and the latter operator is 
compact, U is compact by the Aliprantis-Burkinshaw result. Hence, since 
R(& T)T” is o-order continuous and band irreducible, it follows from the first 
part of the proof that r[R(A, T)T”] >0, and so r(T) >O. 
Theorem 7 is a far reaching generalization of the Ando-Krieger theorem, as 
the next corollary clearly shows. 
COROLLARY 8. Let E be a Dedekind complete Banach lattice, and let C 
denote the band generated in Lb[E] by the positive compact operators. If 0~ T 
is a o-order continuous band irreducible operator on E satisfying T” E C for 
some n EN, then r(T) > 0. 
An operator T is called a Harris operator on E if there exist an operator 
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KE (E&,@IE)~~ and n EN such that O<K< T”. The following result, due to 
V. Caselles [2], is an immediate consequence of theorem 7. 
COROLLARY 9. Let E be a Dedekind complete Banach lattice such that 
‘(EAo) = (0). Let O< T:E-+E be an order continuous band irreducible Harris 
operator. Then r(T) > 0. 
REFERENCES 
1. Aliprantis, C.D. and 0. Burkinshaw - Positive operators in Banach lattices. Math. Z. 174, 
289-298 (1980). 
2. Caselles, V. - On irreducible operators on Banach lattices, Indag. Math. 48, 11-16 (1986). 
3. Pagter, B. de - Irreducible compact operators. To appear in Math. Z. 
4. Dowson, H.R. - Spectral Theory of Linear Operators. London-New York, Academic Press, 
1978. 
5. Grobler, J.J. - A short proof of the Ando-Krieger theorem. Math. Z. 174, 61-62 (1980). 
6. Grobler, J.J. - Spectral properties of positive operators. Anniversary Volume on Approxi- 
mation Theory and Functional Analysis (Proc. Oberwolfach Conf. July 30-August 6, 1983), 
Birkhauser Verlag, 67-72 1984. 
7. Schaefer, H.H. - Banach Lattices and Positive Operators. Berlin-Heidelberg-New York; 
Springer-Verlag, 1974. 
8. Zaanen, A.C. - Riesz Spaces II. Amsterdam-New York-Oxford; North-Holland, 1983. 
409 
